Relaxation behavior of prestressing strands,  June 1972 by Schultchen, E. G. et al.
Lehigh University
Lehigh Preserve
Fritz Laboratory Reports Civil and Environmental Engineering
1972
Relaxation behavior of prestressing strands, June
1972
E. G. Schultchen
H. T. Ying
Ti Huang
Follow this and additional works at: http://preserve.lehigh.edu/engr-civil-environmental-fritz-lab-
reports
This Technical Report is brought to you for free and open access by the Civil and Environmental Engineering at Lehigh Preserve. It has been accepted
for inclusion in Fritz Laboratory Reports by an authorized administrator of Lehigh Preserve. For more information, please contact
preserve@lehigh.edu.
Recommended Citation
Schultchen, E. G.; Ying, H. T.; and Huang, Ti, "Relaxation behavior of prestressing strands, June 1972" (1972). Fritz Laboratory
Reports. Paper 357.
http://preserve.lehigh.edu/engr-civil-environmental-fritz-lab-reports/357
LEHIGH UNIVER ITY
Prestress Losses in Pretensioned
Concrete Structural, Members
RELAXATION BEHAVIOR
OF
PRESTRESSING STRANDS
f~W2: "ENG{~t~~
LAao'AATORY l100A~
by
Erhard Schultchen
Hai-Tung Ying
Ti Huang
Fritz Engineering Laboratory Report No. 339.6
Lehigh University
Research Project 339 Reports
PRESTRESS LOSSES IN PRETENSIONED
CONCRETE STRUCTURAL MEMBERS
COMPARATIVE STUDY OF SEVERAL CONCRETES REGARDING THEIR
POTENTIALS FOR CONTRIBUTING TO PRESTRESS LOSSES.
Rokhshar, A. and Huang, T., F. L. Report 339.1, June 1968
CONCRETE STRAINS IN PRE-TENSIONED CONCRETE STRUCTURAL
MEMBERS - PRELIMINARY REPORT. Frederickson, D. and Huang, T.,
F. L. Report 339.3, June 1969
RELAXATION LOSSES IN 7/16 in. DIAMETER SPECIAL GRADE
PRESTRESSING STRANDS. Schu1tchen, E. and Huang, T.,
F. L. Report 339.4, July 1969
RELAXATION LOSSES IN STRESS-RELIEVED SPECIAL GRADE
PRESTRESSING STRANDS. Batal, R. and Huang, T.,
F. L. Report 339.5, April 1971
RELAXATION BEHAVIOR OF PRESTRESSING STRANDS. Schultchen, E.,
Ying, H-T and Huang', T., F. L. Report 339.6, March 1972
r
.!
(.
COMMONWEALTH OF PENNSYLVANI'A
Department of Transportation
Bureau' of Materials, Testing and Research
Leo D. Sanqvig - Director
Wade L. Gramling - Research,Engineer
Kenne,th L. Heilman - Research Coordinator
Project 66-17: Prestress Losses in Pretensioned
Concrete Structural Members
RELAXATION BEHAVIOR
of
PRESTRESSING STRANDS
by
Erhard Schultchen
Hai-Tung Ying
Ti Huang
,The contents of this report reflect the views of the authors
who are responsible for the facts and the accuracy of the data
presented herein. The contents do not necessarily reflect
the official views or policies of the Pennsylvania Department
of Transportation, the Federal Highway Administration, or the
Reinforced Conc~ete Research Council. This report does not
constitute a standard, sp~cification, or regulation.
LEHIGH UNIVERSITY
Office of Research
Bethlehem, Pennsylvania
March,. 1972
Fritz Engineering Laboratory Report No. 339.6
TABLE OF CONTENTS
ABSTRACT
1. INTRODUCTION
2. RELAXATION LOSS AS FUNCTION OF TIME
2.1 Nature of Relaxation Loss Function
2.2 Selection of Function
1
2
2
4
3.' RELAXATION LOSS AS FUNCTION OF INITIAL STRESS AND TIME 10
3.1 Selection of Function 10
3.2 Results and Applications 14
3.3 Alternative Formulation 15
4. STRESS-STRAIN-TIME RELATIONSHIP OF PRESTRESSING STRANDS 18
4.1 Derivation of Stress-Strain-Time Relationship 18
4.2 Error Considerations 20
4.3 Applications 27
s. SUMMARY 31
6. ACKNOWLEDGMENTS 32
7. TABLES 33
8. FIGURES 41
9. REFERENCES 55
APPENDIX 56
ABSTRACT
This report describes the development and application
of functional expressions for the prediction of prestress loss in
prestressing strandse Particular attention is paid to the selec-
tion of suitable time-depending functions allowing an extrapola-
tion of the long term relaxation loss.
In addition, a general stress-strain-time relationship
of prestressing strands is derived which allows the estimation of
the remaining stress for given values of strain and time 0 A com-
parison with alternative methods is made and quantitative esti-
mates of the magnitude of error are given. The application of
the stress-strain-time relationship to several problems related
to the prediction of prestress loss is illustrated in a number of
examplese
1. INTRODUCTION
The research project TTPrestress Losses in Pre-tensioned
Concrete Structural Members TT was initiated in 1966. Various para-
meters affecting prestress loss are being examined. The primary
objective of this study is to establish a sound basis on which a
quantitative prediction of prestress loss can be made.
As part of this investigation the relaxation character-
istics of stress-relieved 270 K strands were studied, mainly in
constant length tests. These tests, carried out for a period of
more than three years, included a total of forty specimens and in-
volved three main test variables:
1. Manufacturer
2. Strand Size
3. Initial Stress
A discussion of these variables as well as a description of the
test setup, instrumentation, and reduction of data is given in
Ref. 1. Temperature was not included as a variable in this inves-
tigation, nor was it controlled at any predetermined value. The
variation of ambient temperature at the test site was recorded,
but the effect of this variation on the relaxation of steel, if
.any, was not quantitatively identified.
In this report certain basic aspects of the long term
prediction of relaxation loss are discussed and numerical results
on this part of the investigation are presented.
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2. RELAXATION LOSS AS FUNCTION OF TIME
2.1 Nature of Relaxation Loss Function
Steel, as any other material, exhibits a time-dependent
change of stress when subjected to a constant strain of suffi-
ciently large magnitude. This decrease of stress under constant
strain conditions is commonly called relaxation loss. The gen-
eral nature of the relaxation loss VB. time relationship is that
of a regular, monotonically increasing function which approaches
an asymptotic value. A graphical presentation of this function
and its low order derivatives is given in Fig. 1. If plotted on
a logarithmic time scale, the relaxation loss curve assumes the
shape of a flattened S with a characteristic reversal of curva-
ture. The basic features of this function and its first and
second order derivatives may be described by a number of TTessen-
tial conditions 'T which are listed in Table 1. The initial values
of the derivatives are not included in this list because of their
uncertain nature and minor pra~tical importance.
In order to develop a general prediction formula, test
data have to be approximated by a functional expression contain-
ing a limited number of unknown coefficients. In this process
the selection of an appropriate type of function is of utmost im-
portance~ Naturally, this function should strongly resemble the
shape of the relaxation loss vs. time relationship and should
satisfy most if not all essential conditions. These requirements
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are usually sufficient to guarantee a reasonably good approxima-
tion for interpolation purposes. However, in the case of long
term phenomena as relaxation loss, the situation is complicated
by the fact that this function must be applicable for time values
(0. 100 years) which far exceed the actual duration of the tests
(c. 3 -4 years). In, other words, it must be possible to extrapo-
late this function over time values of more than one order of
magnitude. If an inconvenient separation into long~ and short-
term prediction formulas is to be avoided, the function thus has
to yield reliable estimates for the full time range from approxi~
mately one day up to 100 years.
In line with the above considerations, the following
criteria are used in the selection of functional expressions:
10 The function should satisfy all or at least most of the
essential conditions listed in Table 1.
2. The function should minimize a certain measure of the
approximation error (iee. the sum of squares dfthe
residuals) .
3. The function should be applicable to the full time range
from approximately one day up to 100 years 0
4. The functional expression should be simple.
S. The predicted long term relaxation loss should be insen-
sitive to addition or omission of data at the beginning
of the testing period.
-3-
6$ The predicted long term relaxation loss should be insen-
sitive to addition or omission of data at the end of the
testing period.
Criterion 5 is imposed because certain functions are
found to be strongly affected by data at the very beginning of
the testing period, although these data should logically have the
least effect on the predicted long term behavior. The last re-
quirement, on the other hand, serves as a safeguard against the
possibility that a premature termination of the tests might re-
suIt in strongly biased values of the predicted long term relaxa-
tioD loss.
2.2 Selection of Function
In the first phase of this investigation, available re-
laxation data were approximated by numerous linear and nonlinear
functions* in order to compare their suitability as prediction
formulas. The unknown coefficients of these functions were de-
termined by the usual leastsq~are:5 method for solving Qver-
determined systems of equations. A detailed description of the
numerical procedures and the results of the analysis are given in
Ref. 1.
* The designation linear refers to the fact that such a function
can be expressed as linear combination of unknown coefficients
and algebraic subfunctions. If at least one of these coeffi-
cients appears in a form other than that of a simple multi-
plier, the function is called nonlinea~.
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Based on these comparisons, the number of potentially
useful functions was narrowed down to a total of four (Table 2) .
In the following paragraphs these functions are examined more
closely with respect to the criteria listed in Section 2.1. The
discussion thus summarizes the results of extensive numerical.
tests carried out in the second phase of the investigation.
A comparison of these functions with the essential con-
ditions of Table 1 shows that only the nonlinear function 4 is
completely satisfactory whereas the remaining functions deviate
from the general nature of the relaxation loss function for very
small and very la~ge values of time (Table 3).
In Ref. 1 a three-term logarithmic function of the form
L (t) :a= Al + A2 log t + A3 (log t) (1)
was found to be a good approximation of the test data and to yield
reasonable, although somewhat high, values for the predicted long
term relaxation loss. Subsequent tests indicate, however, that
this function is strongly affected by variations of data at the
beginning as well as at the end of the testing period. In parti-
cular, if data from the initial period are omitted, the predicted
long term behavior may change drastically as the coefficient A3
assumes negative values. In view of this violation of criterion
5, function 1 can no longer be considered as a suitable long term
prediction formula.
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By omitting the third term of Eq. 1 (i.e. by setting
A3 = 0), a simpler function of the form
L (t) = Ai + A2 log t (2)
is obtained. Since this expression contains only two unknown
coefficients, the attainable approximation error is inevitably
larger than that for function 1. Numerical tests indicate that
this function is a comparatively poor approximation of test data
for an initial period up to ten days. As a result, the overall
behavior of this function is, to a certain degree, affected by
addition or omission of data in this region. However, it was
found that this effect is comparatively small and by no means as
drastic and irregular as for function 1. Aside from its simpli-
city this function has the advantage of being rather insensitive
to variations of data at the end of the testing period. Because
of its consistency in predicting the long term relaxation loss,
function 2 appears to be a suitable prediction formula provided
.its applicability is restricted to t-ime values greater than
approximately ten days 0
In an attempt to eliminate this restriction, the fol-
lowing modified form of function 2 was investigated:
L (t) = Al + A2 log (t + 1)
This modification has the effect- of removing the logarithmic
-6-
(3)
singularity of function 2 at zero time. For higher values of t
functions 2 and 3 become virtually identical.
Numerical tests indicate that this modification has a
beneficial effect in the sense that function 3 essentially satis-
fies condition 5 and allows a better approximation of the initial
test data, at least for time values greater than one day. The
improvement is reflected in the approximation error of this func-
tion which is lower than that of function 2 and only slightly
higher than that of function 1. At the same time the favorable
characteristics of function 2 are retained. Therefore, it was
concluded that Eq. 3 represents the most suitable of all linear
prediction functions.
It was mentioned earlier that the nonlinear function
(4)
is the only one which satisfies all essential conditions (Table 3).
When applied to the approximation of test data, it was found,
however, that the function gives unreasonable predictions of the
long term behavior if all three coefficients a, b, and c are de-
termined by minimizing the sum of squares of the residuals. In
particular, the function has the tendency to predict asymptotic
values of the relaxation loss which barely exceed the last avail-
able data. Since such a behavior contradicts past experience, it
was considered necessary to impose an additional condition in the
form
(1 _ e -tJ./b) C
= (1 e -ta/b) C (5)
where t 1 is a time value within the testing period (e.g. 500 days)
whereas t z is a value far beyond this range (e.g. 20,000 days).
By linking the coefficients band c, Eq. 5 has an effect on the
geometric shape of this function whereas the asymptotic value a
is not directly affectedo Initially it was expected that some
information on the magnitude of d could be found in the litera-
ture; however, a search proved to be fruitless or inconclusive at
best. In order to obtain at least some tentative results, it was
decided to use d - ratios computed by ~eans of function 3.
Numerical tests indicate that Eq. 4 in combination with
Eq. 5 represents a very suitable prediction formula which appears
to be superior to the other functions in practically all respects.
However, for reasons discussed in Section 3.1 this function had
to be abandoned at a later stage.
Summarizing the results of this section, it was con-
eluded that the expression
L (t) = Al + A2 log (t + 1) (6)
is a suitable functlon for predicting the relaxation loss of pre-
stressing strands, provided its application is restricted to time
values from approximately one day to 100 years. This function
.,
~8-
satisfies more or less all criteria established in Section 2.1
and appears to be in good agreement with available test data
(Fig. 2). On the basis of these findings Eq. 6 was used as the
basic function for approximating time dependent processes through-
out the remainder of this investigation.
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3. RELAXATION LOSS AS FUNCTION OF INITIAL STRESS AND TIME
3.1 Selection of Function
In the previous chapter, the data analysis was re-
stricted to time-dependent functions which allow the prediction
of relaxation loss for' single sets of data corresponding to a
particular level of initial stress. A logical extension of this
concept is to include the initial stress as a second independent
variable besides time.
In a fairly general ·form the relaxation loss as a func-
tion of initial stress and time can be expressed as
L (f., t)
1
M
= E
m=l.
N
2:
n;:::l
(7)
where S (f.) are subfunctions of the initial stress f. only and
m 1 1
Tn (t) are subfunctions o~ time t.
,An alternative, less general type of function is given
by
M
= [ L:
m=l
b
m
S (f .) ]
m 1
[
N
L: c
n
n=l
T (t) ]
n
(8)
Eq. 8 represents a so-called separable or product form of function
which implies, for instance, that the (nondimensionalized) varia-
tion of the ~elaxation loss with respect to time is independent of
the initial stress.
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The problem of selecting appropriate 8
m
(fi ) - subfunc-
tions is comparatively simple, since the initial stress levels of
the relaxation tests (0.50, 0.65, and 0.80 f ) encompass the.
su
whole range of practical interest. Therefore, the nature of the
problem is reduced to that of interpolating rather than extrapo-
lating available test data. In view of the rather narrow range
of initial stress values, it was considered adequate to use low
order powers of f. as S (f.) - subfunctions~ Specifically, four
1 m 1
different polynomials of at most second degree were taken into
consideration.
Based on results of the previous chapter, the number of
time-dependent functions was restricted to two. The first type
involves a linear function given by Eg. 6, whereas the second
type is based on a nonlinear function defined by Eg. 4 and Eq. 5.
In order to allow a better approximation of the test data, the
d - ratios of Eq. 5- were assumed to be a linear function of the
initial stress.
A combination of these stress- and time-dependent sub-
functions results into a total of eight prediction formulas which
are listed in Table 4.· The first four of these functions are ex-
pressed in the general form given by Eg. 7, whereas the remaining
functions appear to be of separable type (Eq. 8). In reality,
this second group is more general than Eg. 8 implies since the
auxiliary Eq. 5 establishes a stress-dependent relationship be-
tween the coefficients of the time function.
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The selection of suitable prediction formulas was made
according to the following criteria:
1. The function should minimize a certain measure of the
approximation error (i.e. the sum of squares of the
residuals) .
20 The functional expression should be relatively simple.
3. The approximation in the form L (f.~t) should yield
1
results which are reasonably close to those obtained
from the individual approximation L (t).
The last criterion was imposed in order to ensure that the inclu-
sion of stress-dependent subfunctions does not bias the predicted
time-dependent behavior.
Numerical tests for the first group of functions indi-
aated that functionl is a good approximation of the test data
since it involves the smallest approximation error. This result
is a direct consequence of the larger number of unknown coeffi-
cients in function l~ It was observed, however, that the 'mag-
nitude and sign of these coefficients differ greatly from one
group of specimens to another, indicating a redundancy in their
number.
Function 2, which lacks a quadratic S Cf.) - term,
m 1
cannot be considered as a suitable prediction formula since it
consistently shows the highest values for the error measure.
The remaining two functions exhibit an equally good
-12-
behavior and only minor differences in the approximation error
favor the use of function 4. Changes in the sign and magnitude
of one of its coefficients, B4, indicate, however, that a certain
redundancy in the number of coefficients exists also for this
function~ The possibility of simplifying the functional expres-
sian by eliminating B4 was not considered in this investigation.
For the application of functions 5 through 8 it was
assumed that the d - ratios of Eq 0 5 are a linear function of the
initial stress (p .. 11). Numerical tests indicated, howeve:r, '·.that
this dependency on f. is not strong enough to account for all
1
changes in the shape of the loss VS~ time relationship for dif-
ferent initial stress levels. As a result, significant differ-
ences arose between approximations in the form L (f.,t) and the
1
individual approximations L (t) for any of these four functions.
The discrepancies are particularly large at the highest and lowest
levels of initial stress for very small and very large time
values. Since such a behavior violates the third criterion for
selecting appropriate predictiqn formulas (p. 12), the whole
second group of functions had to be rejected from possible use.
Based on these numerical tests it was concluded that
function 4
is the most suitable expression for predicting relaxation loss in
terms of initial stress and time. The function is not only
-13-
simple, but also appears to be in good agreement with individual
approximations as required by the third criterion (Fig. 3). Its
applicability is restricted to time values from approximately one
day to 100 years and to initial stress values in the range from
0.5 to 0.8 f
su
3.2 Results and Applications
As the final step in the analysis of relaxation data,
the unknown coefficients of the selected prediction function
(Eq. 9) were determined by a least squares approximation of test
data for various manufacturers and diameters. The numerical
values of these coefficients are given in Table 5, whereas Tables
6 and 7 contain predicted relaxation losses for several values of
initial stress and time.
By comparing these results it can be concluded that:
1. Significant differences in the predicted long term
relaxation loss exist among strands from various
manufacturers, and
2. The relaxation loss of 1/2 in. strands is higher
than that of 7/16 in. strands.
It remains to be seen, however, if these differences have a"sig-
nificant effect on the total prestress loss in pre-tensioned con-
crete members.
In a different form of application, these prediction
functions could be used for estimating long term relaxation
-14-
losses from tests of relatively short duration. Such estimates
are possible if it can be shown that the ratio of short to long
term relaxation losses is more or less independent of the strand
type. In order to test this assumption, the ratio
e =
L (t =
L (t =
1000 hours)
100, year's)
is plotted in Fig. 4 for various groups of specimens. It can be
observed that these ratios vary·with the initial stress level.
However, for any given value of f., the variation among the sev-
1
eral strand manufacturers is at most 10%. For practical purposes,
this would be considered sufficiently small to allow at least
rough estimates of the long term relaxation loss. It should be
noted, however, that such estimated values may be strongly af-
fected by the scatter of data in the short term tests.
3.3 Alternative Formulation
The prediction functions of the previous sections are
based on the following set of variables and units
L (f., t): ,r'el-axation loss in per cent of initial stress
1
f. : initial stress in fractions of guaranteed
1
ultimate strength
t: time in days
This notation is commonly used in describing the loss character-
istics of prestressing strands. For more general applications
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(cf Chapter 4) it becomes necessary to express the relaxation loss
as function of strain rather than initial stress and to use a unit
for the loss which does not depend on f .. A transformation from
1
one form to the other is possible since initial stress and con-
stant strain of relaxation tests are related by the stress-strain
curve of the strand. However, the resulting prediction formula
"becomes rather complicated if the nonlinearity of this stress~
strain relationship is taken into account. Therefore, a com-
plete1y independent analysis was carried out in order to estab-
lish an alternative prediction function based on the following
variables and units:
L (s,t): relaxation 10s8 in per cent of guaranteed
ultimate strength
8 :
t:
strain in in./lOO in~
time in days
This alternative formulation essentially involves the
same problems which were already disclisse'd in Section 3 .1.
A numerical investigation was carried out with four
different prediction functions, identical to those of the first
group in Table 4, except that the initial stress f. is replaced
1
by the strain s. As a result of these tests it was found that
the equivalent of function 4
L (s,t) = s [C l + C2 log (t +l)J + sa [C 3 + C4 log (t +l)J
-16-
" (10)
was, again, the most suitable expression for predicting relaxation
loss in terms of strain and time.
-17-
4. STRESS-STRAIN-TIME RELATIONSHIP OF PRESTRESSING STRANDS
4.1 Derivation of Stress-Strain-Time Relationship
In a strict sense prediction functions derived from re-
laxation loss data should be used only for analyses of prestress-
ing strands subjected to constant strain loading. They should not
be directly applicable to the problem of prestress loss estimation,
on account of the time-dependent variation of strain. In order to
facilitate the solution of the latter problem the concept of
stress-strain-time relationship was developed, a description of
which is given in the following paragraphs.
The general function for relaxation loss CEq. 10) 'can be
used for calculating the remaining stress in a strand.
F (s,t) = f. - L (8, t)
1
(11)
The initial stress f. is related to the strain s by the stress-
1
strain curve of the strand. Within the range of practical inter-
est this relationship can be approximated by a quadratic function
f. = F. (s)
1 1
(12)
Substituting Egs. 10 and 12 into Eq. 11 leads to the following
expres'sion for the remaining stress
-18-
F (s, t) = D1 + D2 s + D3 S2 - s [C1 + C2 log (t + 1)]
_S2 [C 3 +C4 1og (t+l)] (13)
Although Eq. 13 has been derived from relaxation test data where
the strain parameter s has remained a time-independent constant,
it is now assumed that the equation is also directly applicable
to cases when strain varies with time. Such a gen~ralization in~
traduces certain errors which are further discussed in Section 4'.2.
Alternative formulations based on more accurate step procedures
have the disadvantage that the resulting function cannot be given
in closed form. Assuming that the magnitude of the errors intro-
duced by generalization are acceptably small, Eq. 13 can be re-
written as general stress-strain-time relationship
2
P (f, s ,t) = f - (D 1 + D2 s + D3 s )
2
+ S [C1 + C2 log (t + 1)] + S [C3 + C4 log (t + 1)] = 0
(14)
The significance of this relationship is that, given the values
of any two variables (e.g. strain and time), the value of the
third variable (e.g. stress) is uniquely defined.
Geometrically speaking Eq. 14 describes a three-
dimensional surface in a stress-strain-time coordinate system
(E'.:L.g·. 5). Its contour lines parallel to the stress-time plane
depict the gradual decrease of stress under the relaxation (con-
stant strain) condition" Similarly, contour lines parallel to
the strain-time plane represent the creep behavior under constant
stress conditions.
In the application of this surface the range of vari~
abIes is restricted by the same conditions that were stated for
the relaxation loss function L (f.,t) (p. 13).
1
4.2 Error Considerations
The derivation of the stress-strain-time relationship
was based on the assumption that Eq. 13 is applieable to the pre-
diction of the remaining stress under variable strain conditions.
It was mentioned earlier that a better approximation of the
actual behavior could be obtained by using certain step procedures
for calculating the remaining stress. In this section, the na-
ture of these step approximations is discussed and quantitative
estimates of the error involved in the different procedures are
made.
In order to facilitate the analysis, a simple strain
history in the form of a stepped function is prescribed (Fig. 6).
A continuously ~varying strain history is approximated by a com-
bination of periods of constant strain conditions (segments 1-2,
3-4, ... of Fig. 6) and instanoes of purely elastic response
(segments 2-3, 4-5, ...). For simplicity the increments At are
assumed to be constant. By making these steps sufficiently small,
-20-
a continuous strain variation could be approximated to any degree
of accuracy.
In order to illustrate the use of Eq. 14, the contour
lines of the stress-strain-time surface parallel to the f-s plane
are shown in Figo 7 for several values of time. The uppermost of
these contours, designated by t , is identical to the usual
o
stress-strain curve of a strand. The three-dimensional path
OT, IT •• 4 , Sf indicates the predicted stress for the assumed
strain history.
According to Eq. 14 the same en.(ll~)\p't)·int 5 f would have
been reached for any other strain variation between points a and
5 of Figo 6. This conclusion is related to the former statement
that for given values of two variables (ss,tS) the value of the
third variable (fS) is uniquely defined (Section 4.1). Because
of this path independence, the same final stress f 5 "should have
also been obtained for a continuous strain variationo
As an alternative to the (approximate) stress-strain-
time surface represented by Ego 14, the remaining stress in a
strand can also be computed by means of so-called step procedures,
the application of which is described in the following paragraphs 0
Up to point 2 of Fig. 6 the strain history exactly corresponds to
that of a relaxation specimen, which means that the stress-strain-
time relationship is applicable in the strict senseG However,
the change of stress in the unloading segment 2-3 is, in compari-
son with Ego 14, more accurately determined by
-21-
(15)
The quantity E represents the unloading modulus of elasticity,
o
generally considered to be identical to the initial loading modu-
Ius of the stress-strain curve. From Fig. 7 it is clear that the
secant modulus of the stress-strain-time surface between points
2' and 3' is lower than E. Therefore, the path of the predicted
o
stress departs from the surface if the more accurately predicted
stress f 3" is used as the basis of the subsequent analysis.
Since point 3Tf does not lie on the surface, Eq. 14 no longer ap-
plies to the prediction of relaxation loss for segment 3-4 of the
strain history.
Basically there are three different possibilities for
making certain adjustments so that the stress-strain-time relation-
ship can be used for the calculation of At:
(1) Eguivalent Stress Method
Substitu~ing the quantities 8 3 and t 3 into Eq. 14, an
equivalent stress f3e~ can be determined. This equivalent stress
is then used to compute the relaxation loss At during the time
interval 3-4.
At
ef = f (8 t)3eq 3' 3 (16)
By definition the equivalent stress f is identical to f 3T of3eq
Fig. 7, and the computed relax~tion loss ~tef is the same as that
predicted by the stress-strain-time surface. A geometrical
-22-
interpretation of the equivalent stress procedure is given in
Fig. 8.
(2) Equivalent Strain Method
A second possibility would be to calculate an eguiva-
lent strain value s by substituting the quantities f 31T and t 33eq
into Eq. 14
(17 a)
This strain value can then be used for the determination of 6t
es
according to the following expression
b.t
es - f (8 3 ' t 3 + At)eq
- f (s3 ,t3 + Lit)eq (17 b)
The significance of the above equations is explained geometri-
cally in Fig. 9. From the shape of the stress-strain-time sur-
face it can be concluded that the predicted' relaxation loss and
stress values satisfy the following inequalities
f 4TT < f 4TT . < f 4 Tef 88'
(3) Equivalent Time Method
(17 c)
The third possibility consists of using Eq. 14 for cal-
culating an equivalent time value t whose corresponding contour3eq
-23-
line passes through point 3ft (Fig. 10). Subsequently, the relaxa-
tion loss ~tet can be obtained from the expression
+ Lit)
(18 a)
In 'comparison with the equivalent stress method the following in-
equalities hold
f
4U
< f hU <- f 4 ,ef ..,. et
(18b)
The geometrical shape of the stress-strain-time surface does not
allow a similar comparison with the equivalent strain method.
After calculating the change in stre,ss during th.e con-
stant strain segment by means of one of the above procedures, the
same process is repeated for the subsequent steps of the strain
variation. During the analysis the discrepancies between the
stresses predicted by step methods on one side and by Eq. 14 on
the other side will accumulate from step to step.
From ,tl1~;_vabove discussion it can be concluded that the
use of the stress-strain-time relationship results into a
smaller predicted loss and~ therefore, gives an overestimate of
the remaining stress. The lowest remaining stress is predicted
by the equivalent stress method which involves the same amount of
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relaxation loss as Eq. 14, but predicts a larger change of stress
during the unloading segments. The equivalent strain and equiva-
lent time methods use the same relationship for calculating the
elastic response, although they predict a smaller 'relaxation
loss. Therefore, both methods will result in",'remai'ning ,st,resses
which are higher ,'than that of the equivalent stress method, but
lower than that obtained from Eq. 14.
It should be pointed out that no theoretical justifica-
tion can be given for preferring any particula~ step procedure.
All three methods involve certain formalistic manipulations which
represent, at best, an approximation of the true behavior of a
strand. However, there are reasons to believe that the remaining
stress under actual conditions lies between the extreme values
predicted by these methods.
In order to estimate the actual magnitude of the dis-
crepancies between remaining stresses predicted by'step proce-
dures and by the stress~strain-time rel~tionship, a number of
numerical tests were carried out. The calculations were'per-
formed on the basis of a strain history observed (and pa~tially
predicted) for a group of concrete specimens with average nominal
stress (Fig. 11, path, A). The numerical values of the strain and
time' quantities defining this history are given in Table 8. The
continuous, logarithmic variation, of strain during segment d-e of
Fig .. II ,was approximated by a total of 100 equal strain decrements
As and equal logarithmic time steps A (log t). In addition, upper
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and lower bounds for the discrepancies were established by ana-
lyzing simplified strain histories in which the total change of
strain occurs either at time t = 100 years or t = 0 (paths B
and ~) .
The results of these tests are given in Table 9 in the
form of (nondimensionalized) remaining stresses after 100 years.
Since the calculations were carried out for strands from various
manufacturers and with different diameters, each predicted stress
is given in the form of two extreme values which encompass the
range of observed values.
The numerical results confirm former statements that
the lowest remaining stresses are obtained by the equivalent
stress method whereas the use of the stress-strain-time relation-
ship results into higher values than any other procedure. The
largest observed difference between these two extremes is in the
magnitude of 13%, although even larger discrepancies would have
been obtained for strain histories of concrete specimens with
higher nominal stresses.
In selecting a suitable prediction method the follow-
ing facts have to be taken into account:
a. The application of step methods to the prediction of the
remaining stress under variable strain conditions is
considerably more complicated than the use of the
stress-strain-time relatibnship.
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bp If a step method is to be used, no theoretical justifi-
cation can be given for a choice among the three dif-
ferent methods.
c.. If the considerably mor~,,::~:c,~rrv~eriientstress-strain-time
relationship is used for the prediction of prestress
loss in actual concrete members, the higher steel
,stress will be partially compensated by the resulting
higher creep strain of concrete ..
In view of these arguments it.was concluded that the stress-
strain-time relationship, despite its upper bound character, 18 a
suitable basis on which to establish methods for the prediction
of prestress loss ..
~.3 Applications
In order to demonstrate the application of the stress-
strain-time relationship, a number of problems closely related to
the prediction of prestress loss are analyzed by means of this
relationship. In two of these problems, the calculated results
are compared with test data, and an indication of the adequacy of
the suggested method is obtained ..
(1) Creep Tests
Given the values of stress and time, the corresponding
strain value can be obtained from Eq. 14 by solving a quadratlc
equation. By maintaining a constant stress value, and determin-
ing strains at various times, creep behavior of the strands can
be predicted ..
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As a severe test of the validity of this concept, creep
strain values computed from Eq. 14 were compared with measured
creep data of prestressing strands. These data were obrained from
a number of specimens subjected to stepwise constant strains (Ref.
2 an'd Appendix). These specimens were tested in steel frames
identical to the relaxation specimens. However, each time when
the stress in the specimen was measured, the elongation· was read-
justed, so that the overall variation of stress was small. The
comparison of these data indicates a remarkable good agreement be-
tween the computed and observed strain values (Fig. 12).
(2) Simulation Tests
As a second test of the usefulness of the stress-strain-
time relationship, it was applied to a group of TTsimulationTT
specimens, which were subjected to a varying strain condition.
These strand specimens were contained within, but not bonded to,
slender concrete members, and their strain history was similar to
that of a pretensioning tendon, including a finite discontinuity
at transfer time (Ap.pendix). Concrete strains and strand forces
were measured simultaneously at various times. By substituting
the measured concrete strain and the corresponding time values
into Eq. 14, the predicted steel stress values can be calculated
and compared with the observed data. Figo 13 shows such a compari-
son between the prestress loss values based on directly measured
strand forces and' those calculated by Eq. 14. The third set of
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plotted points in Fig. 13 represent calculated values based on the
instantaneous stress-strain relationship CEq. 12), that is, ignor-
ing the relaxation effect. Both sets of calculated values were
based on the measured concrete strains, therefore reflect the un-
avoidable scattering of data.
It is seen from Fig. 13 that the predicted prestress
loss by Eq. 14 compares quite well with, though consistently
higher than, the measured value, and that ignoring relaxation re-
sults in significant underestimation of prestress loss. Such a
comparison was typical for the tested 1/2 in. strands. For many
7/16 in. strands, the predicted prestress loss by Eq. 14 was ob-
served to be considerably lower than the experimental value. How-
ever, the difference between the predicted and experimental values
remained nearly constant throughout the test duration, indicating
that it was probably caused by some experimental difficulty at the
beginning.
In conclusion, the stress-strain-time relationship is
judged adequate for application to elements subjected to varying
strain loading. It will produce a slightly conservative estimate
of the prestress loss.
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(3) Prediction of Prestress Loss
As already mentioned in Section 4.1 the main purpose of
the stress-strain-time rela~ionship is to predict the remaining
stress in prestressing strands, f , as a function of (steel)
s
strain s and time since initial stretching t
s s
f = F (8 ,t )s s s (19)
In order to facilitate the prediction of prestress loss in actual
concrete members it is necessary to establish a similar relation-
ship expressing concrete strain se as a function of (concrete)
stress f and time since release t
c c
(20)
Both functions have the character of material laws since they are
independent of the design parameters of the member section.
These last mentioned parameters are involved in certain auxiliary
relationships among the six different variables of Egs. 19 and 20.
For a concrete section with unLform stress distribution these re-
lationships can be expressed in the following simple form
s = k1 ss c
f = k 2 fc s
t = k 3 + ts c
(21 a)
(21 b)
(21 c)
where k1 = initial steel strain at time of stretching
k 2 = ratio of reinforcement area and concrete area
A~
S 'Cnet
k 3 = time between stretching and release
Linking Egs. 19 and 20 by me&DS of relations of Eq. 21 it is pos-
sible to predict the stress and strain variation of steel as well
as concrete from the time of release until load application. At
this time the equilibrium condition (Eq. 21 b) must be changed in
order to take into account the effect of ·the external load.
Further changes of Egs. 21 a and 2lb are necessary if the same
procedure should be applicable to concrete members with nonuni-
form stress distribution.
The above remarks are intended to give only a brief
description of how the steel stress-strain-time relationship can
be used ,for the prediction of prestress loss; a detailed descrip~
tion of the prediction method as well as examples for its appli-
cation will be given in a forthcoming report.
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5 • SUMIYIARY
The first part of this report contains a description of
the development of prediction functions for relaxation loss.
Particular attention is paid to the selection of suitable time-
dependent functions which allow reasonable extrapolation of the
long term relaxation 10s5 for periods of up to 100 years. The
following expression was found to be most suitable for the pre-
diction of relaxation loss as function of initial stress fo and
1
time t
Available test data indicate that significant differences in the
predicted long term relaxation loss exist among strands with dif-
ferent diameters and from various manufacturers.
In the second part of the report a modified form of the
above function is used to establish a stress-strain-time relation-
ship of prestressing st~ands, allowing the estimation of the re-
maining stress in a strand for given values of strain and time.
This relationship is compared with alternative methods and quan-
titative estimates of the magnitude of error are given~ The
application of the stress~strain-time relationship to various
problems related to the prediction of prestress loss is illus-
trated in a number of exampleso
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TABLE 1 ESSENTIAL CONDITIONS OF RELAXATION LOSS FUNCTION
No. Condition
I L (t = 0) = 0
(t) < + co *2 L
> 0
(t = (0) < + CX)3 L > a
dL < + ex> *4 dt > 0
5 dL I adt t = CX) =
2
>
*
d L - co6 2 < adt·
7 d2~1 = 0
dt t = co
* For 0 < t < co
TABLE 2 INVESTIGATED FUNCTIONS L (t)
No. Flll1ction L (t)
2
1 Al + A2 log t + A3 (log t)
2 Al + A2 log t
3 Al + A2 log (t + 1)
4 a (1 e-t/b) C In combination
- with Eq. 5 Cp. 8)
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TABLE 3 COMPARISON OF INVESTIGATED FUNCTIONS
L (t) WITH ESSENTIAL CONDITIONS
No. of No. of Function
Condition 1 2 3 4-
1 No No No Yes
2 Yes* Yes* Yes Yes
3 No No No Yes
4- Yes* Yes Yes Yes
5 Yes Yes Yes Yes
6 Yes** Yes Yes Yes
7 Yes Yes Yes Yes
Assumptions: Ai' A2 , A3 > 0
a, b, c > 0
*
**
c
At least for t > 1
At least for t 2: e
< 1
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TABLE 1+ INVESTIGATED FUNCTIONS L (f., t)
1
No . I Function L (f., t)
1
1 I [B l +B 2 1og (t+l)J + f i [B 3 +BLj.log (t+l)] + f~[BS+B61og (t+l)]
2 I [B l + B2 log (t + 1)] + f i [B3 + BLj. log (t + 1) ]
3 I [B l + B2 log (t + 1) J + f~ [B 3 + BLj. log (t + 1) ]
I
lJJ
CJ)
I
4 f i [B1 + B2 log (t + 1) ] + f; [B 3 + BLj. log (t + 1) ]
5 I (al + a 2f i + a 3f;)
(1 _ e-t/b) c
6 I (a1 + a 2 f i )
(1 _ e-t/b) c
I In combination
7 I (al + a2f~) (1 _ e -t/b ) c
I with Eq. 5 (p. 8)
8 I (alfi + a2f~) (1 _ e-t/b) c
I
W
-.....,J
I
TABLE 5 COEFFICIENTS OF PREDICTION FUNCTION
Strand Manu- Coefficients
Diameter facturer B1 B2 B3 BI+
I -4-.9227 +3.924-5 +11.7470 +1.6400
II -4-.24-61 +1.0221 + 9.9684- +4-.04-01
7/16 in.
III -6.3252 +4-.2789 +12.9796 -0.7834-
I - III -4-.9856 +2.9914- +11.5975 +1.1729
I -8.1433 +5.2998 +14.8502 +0.6888
II -7.6813 +1. 7708 +14.8083 +3.7216
1/2 in.
III -8.0660 +5.6601 +15.794-8 -0.5684-
I - III -8.4-266 +5.0896 +15.74-04- +0.1110
7/16 in. + 1/2 in. I - III -6.1855 +3.5506 +12.9528 +1.3703
Units: See page 15
I
lJJ
00
I
TABLE 6 PREDICTED RELAXATION LOSS FOR t = 500 DAYS
Strand Manu- Initial Stress
Dia'lleter facturer 0.50 0.60 0.70 0.80
I 6.88 9.23 11.90 14-.89
II 4.48 6.62 9.19 12.17
7/16 in.
III 5.33 7.05 8.98 11.14
I - III 5.24 7.17 9.40 11.92
I 7.26 9.72 12.50 15.63
II 4.76 7.21 10.15 13.59
1/2 in.
III 7.17 9.4-6 12.04 14.90
I - III 6.67 8.96 11.58 14-.5_2
7/16 in. + 1/2 in. I - III 5.86 8.04 10.54 13.38
Units: See page IS
I
UJ
lD
I
TABLE 7 PREDICTED RELAXATION LOSS FOR t = 100 YEARS
Strand Manu- Initial Stress
Diameter facturer 0.50 0.60 0.70 0.80
I 11.30 14.71 18.51 22.69
II 7.31 10.48 14-. 21 18.51
7/16 in.
III 8.95 11.30 13.85 16.58
I - III 8.57 11.30 14.37 17.78
I 12.52 16.10 20.04- 24.34
II 8.15 11.68 15.85 20.66
1/2 in.
III 12.18 15.41 18.90 22.66
I
- III 11.46 14.72 18.32 22.23
7/16 in. + 1/2 in. I - III 9.81 12.92 -16.42 20.30
Units: See page 15
TABLE 8 STRAIN HISTORY OF TEST EXAMPLE
Path Point Strain s Time t
a 0.00 0
b 0.64 0
A c 0.64 3
d 0.59 3
e 0.39 36,500
a 0.00 0
B b 0.64 0
f 0.64 36,500
e 0.39 36,500
a 0.00 0
C b 0.64 0
g 0.39 0
e 0.39 36,500
TABLE 9 PREDICTED STRESS OF TEST EXAMPLE
Predicted Stress After 100 Years (Point e)
Path
Stress-Strain-Time Equivalent Equivalent Equivalent
Surface Stress Strain Time
A 100 .0 86.8 - 90.2 88.6-91.0 96.5-98.3
B 100.0 76.0 - 84.1 76.0-84.1 76.0-84.1
C 100.0 99.3 -99.4 99.4-99.5 100.0
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8. FIGURES
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L ( t )
d L ( t )
dt
L ( t )
----------
---------------------- t
L-----==::=~!!!!!!!!B---..... t
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- - - - - -. - - - -=--=......--....----
'------------------....-. Log t
Fig. 1 Nature of Relaxation Loss Function
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fFig. 5 Stress-Strain-Time Surface
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APPENDIX
Description of the Creep and Simulation Tests of Strands
A.I Creep Tests
Six strand specimens were tested under a simulated creep
(constant load) eondi tion. They were tested in stee'l double-angle
frames identical to those used for the relaxation (constant length)
specimens, but were subjected to a different testing procedure.
For pre-selected time intervals, these specimens were kept at con-
stant length, and the tensile forces were allowed to decrease by
relaxation. At the end of each time interval, the strand force
was measured by direct jacking, in the same manner as for the re-
laxation specimens. However, the force was then increased to be
slightly higher than the desired "constant" load. By using rea-
sonably small time intervals and appropriate load increments, the
load on each specimen was confined to vary within a small range
above and below the desired load level. All strands tested in
this series were 7/16 in. in diameter, and the simulated constant
load level was 65% of the guaranteed ultimate tensile strength,
approximately 20 kips. All three manufacturers were represented.
A.2 Simulation Tests
Twelve strand specimens were tested under a varying
strain condition similar to that experienced by >a tendon in a pre-
tensioned concrete member. These strand specimens were cast
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inside of, but not bonded to, slender concrete members. Both
7/16 in. and 1/2 in. strands, and all three manufacturers, were
included in this series. The concrete members were 10 ft. long,
and their cross sections were 3-112 in. square and 4 in. square,
respectively, for the two strand sizes. The sizes of the concrete
members were chosen so that the initial concrete prestress will be
approximately the same for both sizes. Based on an initial ten-
sioning stress of 70% guaranteed ultimate tensile strength, the
nominal initial concrete prestress, ignoring 'relaxation loss be-
fore transfer, was approximately 1.8 ksi. The concrete mix used
was of the same composition as that used by Plant CD for the con-
crete main specimens of this research project. Fabrication of
these simulation specimens were done in the concrete laboratory
of the Fritz Engineering Laboratory, using a steel prestressing
frame approximately IS ,ft. long. Curing was accomplished by low
opressure steam at a temperature of 120 to 130 F, and for a dura-
tion of approximately 68 hours. The concrete compressive strength
~as 4650 psi at transfer (approximately 96 hours after initial
tensioning) and 5420 psi at 28 days.
As these simulation strand specimens were completely un~
bonded to the surrounding concrete, the transmission of prestress
was affected by end bearing, in a manner similar to a post-
tensioned system. It was found that upon transfer, the strand
force decreased by nearly 4~~. This excessive transfer loss was
attributed to the seating of the end anchorage at the jacking end,
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and the short length of the prestressing frame. To establish a
more realistic testing condition, the specimens were retensioned
to reflect a simulated elastic transfer loss of 6%.
Concrete strains and strand forces were measured simul-
taneously according to a pre-selected time schedule. The concrete
strains were measured by a Whittemore mechanical gage, from two
gage distances on each of the four longitudinal forces. The
strand forces were measured by a direct jacking method identical
to that used for the relaxation and creep series.
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